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for some C;C ;k;M > 0. Also, € C* has the properties

(1.4) 187 1< Cij00% IV P=4( + o),

for some Cjj; o;N > 0. Finally, >0.

Remark: All of our results hold for weaker assumptions on the growth of V and , however (1.3)
and (1.4) are convenient for our purposes.

We will show in section 2 that for V(x) and as in (1.3) and (1.4) respectively, the linearized
problem is spectrally stable, that is, the spectrum is bounded away from Re z > 0 uniformly in h.
Yet, we also show that (1.1) has an unstable equilibrium at u = 0 for all potentials V(x) satisfying
(2.3) and all satisfying (1.4). Specifically, we show

Theorem 1.
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are poor, we are unable to exhibit blow-up starting from a quasimode. Instead, we present a
simple and explicit construction of quasimodes for P(x; hD) (for a more general setting see [5]).
We then use these quasimodes as initial data in numerical simulations and observe that, although
in some cases the ansatz solution blows up more quickly, the solutions with quasimode initial
data behave similarly to what is expected from a pure eigenvalue for (1.2) with positive real part.
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Figure 1. The plot shows numerical simulations of the evolution of (1.1) with
h = 1=193 and two initial data. The evolution with initial data a real valued O(h®)
error guasimode with eigenvalue z = 1—16 is shown in the top two graphs and that
with the ansatz constructed in the proof of Lemma 3 as initial data is shown in
the bottom two graphs. We observe that, when the initial data is a quasimode,
blowup occurs in time
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of quasimodes for one dimensional problems. Although the results are known, (see [3],[5].[12])
a self-contained presentation is useful since we need the quasimodes for our numerical exper-
iments. Also, there is no reference in which analytic potentials (for which quasimodes have
O(exp(—c=h)) accuracy) is treated by elementary methods in one dimension. Section 4 is devoted
to the proof of Theorem 1 using heat equation methods. Finally, in Section 5 we report on some
numerical experiments which suggest that quasimode initial data gives more natural blow-up
and that blow-up occurs at complex energies.

Acknowledgemnts. The author would like to thank Maciej Zworski for suggesting the problem
and for valuable discussion, guidance, and advice. Thanks also to Laurent Demanet and Trever
Potter for allowimg him to use their MATLAB codes, Justin Holmer for informing him of the
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Lemma 3. The author is grateful to the National Science Foundation for partial support under
grant DMS-0654436 and under the National Science Foundation Graduate Research Fellowship
Grant No. DGE 1106400.

2. Spectrum and Pseudospectrum

We do not use the results of this section to prove Theorem 1. Instead, we present them to
emphasize the connection of the size of the resolvent with instability. We believe that instability
based on quasimodes would be more natural and allow for proof of instability at complex
energies. We illustrate this with numerics in Section 5.

To describe the spectrum of P(x; hD), we observe that

iy
e
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thenz € (Q). We use this condition to show that the pseudospectrum of P(x; hD) nontrivially
interesects the right half plane. Specifically,

— T
Lemma 1. For P(x;hD) given by (1.2), (P(x;hD)) {Imz =0} = (-o0; ].
Proof. First, observe that
PO, )=— P+iV ; )=V()+  and{ReP,ImP}=-2(@> ; )+(VV:V )
We have assumed Imz = 0. Therefore, we need only show that, for a dense subset U C (—c0; ],

y € U implies that there exists x such that (2.1) holds for the symbol P(x; ), at (x;0) withz =y.

We proceed by contradiction. Suppose there is no such U. Then, there exists O cC [0; c0) open
such that for all x € V71(0), (VV:V )(x;0) > 0. Let *; := exp(ti(V ;D)) be the integral flow of
i(V ;Dyand xg € RYhave V(o) = 0. Define f(t) := V(7 ¢(Xo)). Then @f = (VV(7t(x0)); V (t(X0))).

Suppose that ((Xg) escapes every compact set as |t| increases. Then (1.4) implies that f(t) — oo
as [t| increases. Letw € Oand ty ;= inf te R: f(f) =w . Then tp is finite since w > f(0) and
f(t) — co. Together, f(tp) = w € O and f~1(0) open imply the existance of > 0 such that for
te(tg— ;to+ ), f(t) € O. But, f(t) € O implies f’(t) > 0. Therefore, f(t) <w forte (tp — ;to)
and thus, since f(t) — oo, there exists t < tp such that f(t) = w, a contradiction.

We have shown that there is a dense subset U C (—o0; JwithU < (P). Hence (—o0; 1C  (P).
Next, observe that supReP(x; ) = andthus, (P(x;hD)) {Imz=0}= (-oo;
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Figure 2.  We see that the spectrum of (1.5) (blue dots) is bounded away from
Rez = 0, while the pseudospectrum (shaded region) enters the right half plane.
The region for which we prove blow-up corresponds to the dashed red line.

3. One Dimensional Quasimodes

We proceed by constructing quasimodes for operators in the one dimensional case with
KV ;D) = @x. We implement WKB expansion for the quasimode following the method used
in [3]. Let

(3.1) P(x;hD) := — (hDy)? + ihDy + V ;

where V € C* and V may be complex.

Remark.
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When V is real analytic than we can find ” such that
l(P(x; hD) — z) 7 || .2 < Cexp(—1=Ch):

Proof. Let € C°(R)with (x)=1if[x|< =2and (x) =0if|x|> where will be determined
below. Define f := exp(i =h)a(x) where

»R
ax) = am(x)h™:
m=0
Finally, let g(xo + X) .= (x)f(x) forall x € R.
We will find appropriate a,, and  in what follows. First, by a simple computation

0 1
(P(x;hD) —2) f = EX hm mE o =
m=0

where |, are inductively defined by

m = (=( ?+i ' +V-2an+i "an1+ (20 ‘+1a,  +a’

where we use the convention that a, = 0 form > N—-2orm < 0. Now, we set ,, = 0 for
0 <m < N -1. Given that issmall enough, this will enable us to determine all a;, as well as

Observe that, using the condition, ¢ =0, we obtain
2_j’'=V-1z
Now, letting z = — g +i o+ V(Xp), we have a complex eikonal equation
i 2 § 2

i i
"— = =V(Xo+X)—V(X)+ o-=
5 Xo+X)=V(x)+ o 5
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for all small enough x and h. Also, for x and h small enough
=2 '+
satisifies| (x)] < .Wechoose > 0smallenough so thatthese conditionsboth holdfor0<h< 2
and |x| <
The condition 4+ =0, implies

am = — (i "am+a;
with the convention that a_; = 0 and initial conditions,
a(0)=1;, an(0)=0; m=>0:

R
Putting G(x) := OX i ”(y) (y)dy we obtain ag = exp(-G(x)) and
z

X
(3.2) () = 50 0 (an(y)dy: m > 0:

Before proceeding to show exponential error for V analytic, we show O(hN) error for arbitrary
V. To complete the proof of O(hN) quasimodes, we need to estimate

I(P(x;hD) - 2)gll2=lI9ll.2:
Let C denote various positive constants that are independent of h and x. Then,

Z o zZ
||g||i2 > If(x)lzdx > e—6 XZh_l_CdX
- =2 -
z h=2 2 z 1=2 2
(3.3) = e 6 '-Chl=2gt > o8 P-Chl=2q4t = chl=2-
- =2 122

Next, we compute

I (P(x;hD) - 2) gll.2

IhR2f 7 +2h%f" " +hf "+ (P(x;hD)f —zf)||,2
(3.4) h2If iz + 207 £ “flz +hIF /e + 0N et Yl

Thus, we need to estimate each of the norms. Note that “and " have supportin{x: =2 <|x| <
}. Thus, we have

IA

Z
(3.5) It 7IF < C e 2 X +Chy < cem M
2 =2<|x/<
Similarly,
’ ’ — 2: . ! - 2: .
(3.6) 17 72, <Cem 2 |If Y|P, < e R
Next, observe that
Z

N i =hj2 N2
™ ne' 5, < h™l Nl
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NOoW, | ml <cmon {x:|x| < }, uniformly forh < ?
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Next, we prove similar estimates for @\‘fv( obm). By Leibniz rule, we have that
X

p p' k p-k X p+2 Am+1
(3.12) 1@°(C obm)l ,, = m@ 0@ "bm < Co Cl ™ iemyp
k=0 . k=0
where
— p! k m+p—k.
rk;m;p = mk (m +p- k) .
We claim that for 0 <k < g MNemp = Fp-kmp. 1O See this, we write this inequality as
K(m +p = K)™P* > (p —K)PKm + k™K, for0 <k < g:
Putting x ;= % andy = ‘%k the inequality is equivalent to
XA+ Y)Y >y +x)M: for0<x<y
which follows from the monotonicity of the function x — 1LXX g (1+x):
Next, observe that, 0 <k <p -1,
Mezmp p—kKk+D*T(m+p-k- 1)m+pk-1
fmp  k+1 K (mep -k
1
—k k “m+p—k
= p— 1+ 1 1-— ;
m+p—-k-1 k m+p—k
PoK  i-legrhy o e TR

m+p-—-k-1

2 -
where we use log(1 — x) < —x + % Then, since for 0 <k < &, fmp > rp_kmyp, We have

N
P+2 ~Am+1 P+2 ~m+1 Ty
1@°( obm)l , < 2C, Ct Nemp < 2C; cT fomp ~ exme=n
k=0 k=0 n=0

A

_k_ Ptz
< 2CP2CML T pg e < 2CRTACIHL g e

k=0 k=0
2 1 1 2
ChCM™ Y (p + 2)rompe? < e2Ch"CI™(m +p + 1)™PH

A

IA

Therefore, there exists M; > 0 such that

(3.13) 1@ ( obm
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Next, choose C; > Cy (4 max(Mq; My; 1)) : Then, combining (3.10), (3.11), (3.13), and (3.14), we
have
18bma1 (W), < COTTCI™2(m + p + 1)™PHL:
Then, since w — z is a change of variables independent of m which maps  — and by (w) =
dm(z(w)), we have
dm| =
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Figure 3. We seth = 1072 and see that the di erence between the solution to (1.1)
with initial data a quasimode with error O(h?) (red line) and the solution with
initial data a quasimode with error O(h®) (blue dots) is negligible. Thus, by using
O(h®) error quasimodes, we have not introduced large error into our numerical

calculations.

Lemma 3. Fix >0 < ,0< < % — ), and (xg;a; ) € RY x R x R* such that both
"t(B(xp;2a)) c V7I[0; — - ]Jfort< and *yis defined on B (xo;2a) for 0 < t <2 . Then, for each
0<h<h

where hg is small enough, there exists
Uo(X) > 0; |lupllce < ex —i X =0;1;::
0 = Y, OlicP = p Ch , p - U/ 4,..

and 0 <t; < so that the solution to (1.1) with initial data ug satisfies u(x; t;) > 1 on x € 7, (B(Xo; a)).

Proof. Let solve

4.2) (h@; — P(x;hD)) =0; (x;0)= o:
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Figure 4. We show a numerical simulation u(t) of the evolution of (1.1) with
a quasimode at imaginary energy as initial data. Specifically, we set h = 1=193

and use a quasimode with eigenvalue z = £ + m The real part is shown in

13
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Remark 1. If a shorter time is desired, one may use initial data of O(h") to obtain the same result

in time O(h| log hy).
Remark 2. Notice that to obtain a growing subsolution

itwas critical that > 0. This corresponds

precisely with the movement of the pseudospectrum of P(x; hD) into the right half plane.

Now, we will demonstrate finite time blow-up using the fact that in time O(1) the solution to
(1.1) is > 1 on an open region. The proof of theorem 1 follows
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Figure5. We show simulations of solutions to the equation hu; = P1(x; hD)u with

h = 1=193. The solution using a quasimode ug
O(h®) as initial data is shown in the blue solid

with eigenvalue z = 5 and error
linse. The red dotted lines show

u(x;t) = uo(x) exp (zt=h). We see that the solution to the linearized problem (4.1)
with quasimode initial data closesly approximates the exponential until t = 0:3

Proof. Let up(x) and t; be the initial data and time found in Lemma 3 with (a; Xo; ) such that

”¢ is defined on B(xo; a =H0#efined on



Next, lety’ = 7¢
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Now,ont< ,wehaveV(y’) < 5. Thus, for0<t< ,
hivle > v+ (1 - O(h?))[vI® - O(h):

We have that [v](t;) > 1=4 and > 0. Therefore there exists > 0 such that, for h small enough
andty <t<t; + |
1
h[v]: > Z[V] + E[V]33

But, the solution to this equation with initial data [v](0) > 1=4 blows up in time t; = O(h). Hence,
solongast; +t, <min( ;t; + )and hissmall enough, [v] blows up in time t; +t,. Observe that
sincet; < ,0<t; +tp =t +O(h) <min( ;t; + ) for h small enough. Thus, the solution to 1.1
blows up in time O(1).

Remark. A similar result holds for polynomially small data with blow up in time O(h| log h|).to this eq2978 0 0
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